I. INTRODUCTION
Trapping of the hydrogen molecule inside the C 60 molecular cage by means of chemical methods has created a system where the simplest and the lightest molecule is enclosed in the cavity of a molecule with the highest symmetry. 1, 2 The simplicity makes this supra-molecular complex ideal for the studies of non-covalent bondings between H 2 and carbon nano-surfaces, the knowledge needed for the design of carbon-based hydrogen storage materials. H 2 @C 60 is simple from the theoretical point of view -the high symmetry of C 60 brings it to the level of a quantum mechanics textbook example of a vibrating rotor trapped in a spherical potential well. 3 From the experimental point of view all the trapping sites are equal and there is only one H 2 per trapping site. This minimizes the inhomogeneous line broadening effects and H 2 -H 2 interactions. Indeed, the infrared (IR) absorption lines are well separated and show splittings due to translation-rotation coupling, 4 consistent with theoretical predictions. [5] [6] [7] The rotational quantum number J is still a good quantum number for H 2 despite the translation-rotation coupling. 7, 8 The potential parameters of H 2 @C 60 have been determined in both ground and excited vibrational states from the detailed temperature dependence study of IR spectra 9 and in the ground state by inelastic neutron scattering (INS) spectroscopy. 10 The introduction of a three site Lennard-Jones potential in the pairwise additive five-dimensional potential energy surface has improved greatly the accuracy of quantum calculations of the coupled translation and rotation eigenstates of H 2 . 11 In general, it has been established that H 2 inside the C 60 cage is an unhindered vibrating rotor performing coupled translations and rotations in a nearly spherical potential. 12 The substitution of deuterium for H changes the energy levels of the encapsulated molecule drastically. In D 2 @C 60 , a) Electronic mail: toomas.room@kbfi.ee. the distances between the energy levels in the vibrational, rotational, and translational manifolds are reduced because of the heavier mass of D. Quantum statistics plays an important role in the dihydrogen wavefunction symmetry. 13 The nucleus of D is a boson (nuclear spin I = 1) as opposed to H, where it is a fermion, I = 1/2. Thus the rotational states with an even quantum number J have D 2 in the state where the total nuclear spin of D 2 is either zero or two. This is called ortho-D 2 , while para-D 2 has the total nuclear spin one and odd J values. The ortho-para ratio at room temperature is 2 : 1 for D 2 . As in the case of H 2 , the conversion between ortho and para species is very slow. This means that at liquid helium temperature (4.2 K) we have only two times more J even (ortho) than J odd (para) D 2 although the J = 0 state lies E/k B = 84 K below the J = 1 state. This is in sharp contrast with H 2 where the J even (para) species are outnumbered by the J odd (ortho-H 2 ) species by three times. Even though the hydrogen molecule is protected by C 60 the orthopara conversion rate can be enhanced using a spin catalyst. 14 The converted H 2 @C 60 sample, para-enriched at 77 K with molecular oxygen as a spin catalyst, 15 was used to identify para and ortho absorption lines in the infrared spectra. 9 The energy levels of heteronuclear HD@C 60 are compressed compared to H 2 @C 60 as well. However, an additional effect appears, the breaking of two symmetries. First, the inversion symmetry of the diatomic molecule is lost. The consequence is that the center of mass is shifted away from the geometric center and a dipole moment is allowed for rotational transitions, J = ±1. Second, there are no ortho and para species since the nuclei of the HD molecule are not identical particles. The consequence is that thermal relaxation between even and odd J levels is fast. All the rotational and translational levels of HD@C 60 are in thermal equilibrium and at liquid helium temperature only one state with J = N = 0, is populated. N is the translational quantum number of the spherical oscillator. 3 The dynamics of endohedral D 2 and HD has been studied theoretically 8 and of HD experimentally. 10 Three transitions, N = 0 → 1, J = 0 → 1, and J = 1 → 2, were detected by INS spectroscopy. 10 An interesting finding is that the energies of two rotary transitions do not scale according to the energies of a free rotor. This was predicted by Olthof et al. in the theoretical study of CO@C 60 . 16 Simultaneous rotations of CO and its position vector R give rise to a rotational structure similar to that of free CO, but the effective rotational constants differ considerably. As theory predicts, the different J and N states are strongly mixed because of the translation-rotation coupling between the heteronuclear rotor and the inner walls of C 60 making J not a good quantum number as it is for a homonuclear diatomic in C 60 . 8, 16 This paper is a continuation of our IR studies of H 2 @C 60 . 9 We present and analyze the IR spectra of D 2 @C 60 and HD@C 60 and compare the potential, vibrating rotor and dipole moment parameters of the three isotopomers.
II. THEORY
The model Hamiltonian of the vibrating rotor in the spherical potential, the dipole moment expansion, the calculation of IR absorption line intensities, and the fitting of IR spectra were described in Ref. 9 . Here, we outline the consequences of the reduced symmetry of heteronuclear HD as compared to homonuclear H 2 and D 2 . The coordinate R = {R, } refers to the center of mass displacement of the dihydrogen from the geometric center of C 60 and the rotational eigenstates |J M J are in the coordinate frame s = {s, s }, where the diatomic rotates about its center of mass and s connects the two nuclei of the hydrogen molecule.
The potential transforms according to the A 1g irreducible representation of the symmetry group I h . The bipolar spherical harmonics F lj λm λ ( , s ) (Eq. (2) in Ref. 9) of the order λ = 0, 6, 10, . . . transform according to the irreducible representation A 1g of the symmetry group I h . 17 We consider the case of full spherical symmetry, λ = 0. If λ = 0, then from the triangle rule λ = |l − j |, |l − j | + 1, . . . , l + j it follows that j = l.
We write the potential energy for a diatomic molecule
00 R 2 F 00 00 . 9 We expand the perturbation part of the potential v V in spherical harmonics F lj λm λ and in power series of R,
The powers n of the displacement of the center of mass R are determined by l: n has the same parity as l and n ≥ l.
Here, v V lj n λm λ are the expansion coefficients and we limit our expansion to j max = 2 and n max = 4. v V 004 00 is the anharmonic correction to the isotropic coupling, v V 002 00 . v V 224 00 is the anharmonic correction to the anisotropic (translation-rotation) coupling v V 222 00 . In the HD@C 60 potential, we have additional anisotropic coupling terms v V 111 00 and v V 113 00 , that are absent in the H 2 @C 60 and D 2 @C 60 perturbation potential, Eq. (7) in Ref. 9 . We express the induced part of the dipole moment as an interaction between H 2 and C 60 instead of summation over 60 pairwise induced dipole moments between H 2 and carbon atom as was done in Ref. 9 . We write the expansion of the dipole moment from the vibrational state v to v in bipolar spherical harmonics and in power series of R as
The dipole moment transforms according to the irreducible representation T 1u of the symmetry group I h . The spherical harmonics of the order λ = 1, 5, 7, . . . transform according to T 1u of the symmetry group I h . 17 We use λ = 1 and are in- 
As λ = |l − j |, |l − j | + 1, . . . , l + j and λ = 1 it must be that l = |j ± 1|. The possible combinations are (lj ) ∈ {(01), (10), (12), (21), (23), . . .}. If we restrict the expansion up to n max = l max = 1, we get
Here, A 010 is zero for homonuclear diatomic molecules. It describes the sum of permanent and induced rotational dipole moments, selection rule N = 0, J = 0, ±1, but J = 0 → 0 is forbidden. The expansion coefficient A 101 describes the induced dipole moment that is independent of the orientation of the diatomic molecular axis s, selection rule N = 0, ±1, J = 0, but N = 0 → 0 is forbidden. A 121 describes the induced dipole moment that depends on the orientation of s, N = 0, ±1, J = 0, ±2, but N = 0 → 0 and J = 0 → 0 are both forbidden. All terms in Eq. (4) satisfy the selection rule = 0, ±1, but = 0 → 0 is forbidden. is the total angular momentum ( = L + J) quantum number and L is the orbital angular momentum quantum number of the spherical oscillator. 3 The procedure of fitting IR spectra was described in detail in Ref. 9 . The values of quantum numbers we used to define the eigenstates |vJNL
were v = 0 and 1, J ≤ 4, and N ≤ 7 for D 2 @C 60 , J ≤ 4, and N ≤ 6 for HD@C 60 . There are 292 para-D 2 , 404 ortho-D 2 , and 524 HD states in the selected bases. Energy levels and observed transitions are sketched in Figs. 1 and 2. 
III. EXPERIMENT
The endohedral complexes were prepared by "molecular surgery" as described in Refs. 1, 2, D 2 @C 60 at Kyoto University and HD@C 60 at Kyoto University and Columbia University. The filling factor for D 2 is ρ = 1.0. The HD@C 60 sample was a mixture of the hydrogen isotopomers H 2 :HD:D 2 with the ratio 1:1:0.2. Since all C 60 cages are filled, the filling factor for HD is ρ = 0.45. Experimental absorption spectra were corrected for the filling factor. The powdered samples were pressed into pellets under vacuum for IR transmission measurements. The diameter of sample pellets was 3 mm and the thickness d = 0.25 mm (D 2 @C 60 ) or d = 0.34 mm (HD@C 60 ). The measurement technique is described in Ref. 9 .
IV. RESULTS

A. Temperature dependence of the spectra
The temperature dependence of the IR absorption spectra of HD@C 60 and D 2 @C 60 are shown in Figs. 3 and 4. Only the spectral lines involving transitions from the ground translational state, N = 0, are present at 5 K. As the temperature is increased, additional lines become visible that correspond to the transitions starting from the excited states, see Figs. 1 and 2. Broad lines that are indicated by arrows in Fig. 3 (a) are not due to HD because they are present already at 5 K in the spectral region where only a single line is expected according to our model.
The normalized line areas of D 2 , Fig. 4(d) and HD, Fig. 5 , are compared to the temperature dependencies of the normalized population probabilities of the corresponding initial states. The population probabilities are calculated using the eigen-energies obtained from fitting the 90 K spectra with the model Hamiltonian. We see that within the error bars the temperature dependence of the normalized line areas is described very well for the transitions starting from J = 0 states both in D 2 @C 60 and HD@C 60 . In HD@C 60 , the areas of lines that start from J = 1 state are weaker than the calculated curve above 120 K. In D 2 @C 60 the intensity versus temperature analysis can be reliably done for one line only, the N = 0 → 1, J = 0 → 2 transition at about 3224 cm −1 . For other transitions in D 2 @C 60 there is an overlap of spectral lines starting from the ground and thermally populated states or an overlap of para and ortho lines, see Fig. 6 .
The Hamiltonian parameters were determined by fitting the 90 K spectra because at lower temperatures the higher energy levels in the v = 0 state are insufficiently populated, while no new lines appear at higher temperatures. The changes in line positions are less than the linewidths over the temperature range explored.
B. Fitting the experimental spectra
There are much fewer observable IR absorption lines in the spectra of D 2 @C 60 and HD@C 60 than in H 2 @C 60 spectra. The missing lines are the fundamental vibrational transition, v = 1, N = J = 0 and the group of lines, v and the difference of the translational potential in the ground (ν = 0) and excited (ν = 1) vibrational states. However, the separation of some energy levels in the ground vibrational state of HD@C 60 is known from the INS experiment. 10 The numbers we used are ω N=0→1 = 154.1 cm −1 , ω J =0→1 = 80.7 cm −1 , and ω J =1→2 = 192.0 cm −1 . The INS transition frequencies were included in our fitting program.
No additional experimental data beside IR data are available for D 2 @C 60 . Therefore, we estimate the D 2 @C 60 fundamental frequency and set it to a fixed value in our fit of the Hamiltonian parameters. The relative change of the frequency [ω 0 (gas) − ω 0 (C 60 )]/ω 0 (gas) depends on the cage and is independent of the hydrogen isotopomer. 19 Based on our fit results, Table VI , we get that for the H 2 ω 0 (C 60 )/ω 0 (gas) = 0.9763 and for the HD ω 0 (C 60 )/ω 0 (gas) = 0.9773. We use the average of these two ratios to calculate the D 2 @C 60 fundamental vibrational frequency, ω 0 = 2924 cm −1 .
The line intensities depend on the ortho-para ratio, and on the absolute value and relative sign of the dipole moment parameters. We choose A 101 > 0. The line intensities depend on the mixing of pure states by the perturbation part of the potential too. However, the perturbation part can be determined by fitting the IR transition frequencies.
We found that it is not possible to fit independently the two dipole moment parameters and the ortho-para ratio in the D 2 sample for the following reasons: first, the number of observed para lines is small; second, the strongest low temperature para line overlaps with ortho line at 3050 cm −1 .
The ratio n o /n p is close to the high temperature equilibrium value in H 2 @C 60 even at 5 K. 9 Since H 2 @C 60 and D 2 @C 60 were prepared under similar conditions, the orthopara ratio of the D 2 sample in our fitting program was set to the room temperature equilibrium value n o /n p = 2.
Detailed results of fitting the absorption spectra are shown in Figs. 6 and 7 . The experimental and fitted absorption lines are summarized in Tables I and II The best fit parameters are listed in Table VI . Because of the limited number of observed lines in the spectra of D 2 @C 60 and HD@C 60 , we cannot find the anharmonic corrections to the anisotropic confining potential, thus v V 224 00 = 0. The potential parameters are positive for all three hydrogen isotopomers. The distance between translational levels increases with the quantum number N , if the anharmonic corrections to the isotropic confining potential are greater than zero, v V 004 00 > 0. In H 2 @C 60 and D 2 @C 60 the sign of v V 004 00 also determines the order of L levels for a given N : the lowest energy level has the largest L value. The sign of the translationrotation coupling v V 222 00 determines the order of levels for given J, N, and L, see Table VI . The ordering of L and TABLE I. Experimental and calculated line positions, ω (cm −1 ), and absorption line areas, S ω (cm −2 ), of IR-active modes at 90 K in D 2 @C 60 . The quantum numbers J NL and the relative weights |ξ v | 2 of the main components contributing to the initial and final eigenstates are given. Experimental line positions and areas at 5 K are shown for comparison. The ortho and para lines at 3050.2 cm −1 could not be resolved in the experiment and the total area of the line is listed as experimental S ω in the corresponding parts of the levels of HD@C 60 is very different from H 2 @C 60 and D 2 @C 60 due to strong mixing of states. However, for all three isotopomers only the states with the same are mixed, if the potential is spherical. Some of the lines in the 90 K spectrum or at lower T show small splittings: the 3056. 8 cm −1 and 3224.4 cm −1 lines in D 2 @C 60 ( Fig. 4(b) ) and the 3698.5 cm −1 , 3710.8 cm −1 , 3906.7 cm −1 , and 3988.9 cm −1 lines in HD@C 60 (Fig. 3) . These splittings are not described by our model, which assumes local spherical symmetry, and the split lines are treated as single experimental lines in the fit. As discussed before 9 in the case of H 2 @C 60 , the local icosahedral symmetry of the C 60 cage is too high to give rise to such splittings. The shape of spectral lines showing this type of splitting is very similar in H 2 @C 60 , D 2 @C 60 , and even in HD@C 60 . This splitting is independent of the isotopomer and depends on the initial and/or on the final state defined by quantum numbers v, J, N, L, and .
V. DISCUSSION
A. Hamiltonian parameters
The potential parameters v V lj n 00 and vibration-rotation Hamiltonian parameters, ω 0 , B e , α e , and D e , are listed in Table VI similar for three isotopomers. There is a slight trend that these two parameters are larger for the heavier isotopomers. If the separation of two energy levels, E 1 01111 − E 1 0000 is accounted for in ortho-D 2 @C 60 , 126.7 cm −1 (Table IV) , and in para-H 2 @C 60 ,184.4 cm −1 , 9 we get the ratio 1.4566, which is larger than the mass scaling, m D 2 /m H 2 = √ 2. This tells us that the splitting of energy levels is larger in H 2 @C 60 even though the potential parameters are smaller. The controversy is resolved if one takes into account the anharmonic energy correction to the difference E 1 01111 − E 1 0000 . Beside the dependence on v V 002 00 and v V 004 00 , which are larger for D 2 , the linear energy correction in the perturbation theory to this difference decreases with the increase of the molecular mass as m −0.5 .
The displacement of the center of mass from the bond center changes the dynamics of HD in the C 60 cage drastically. In our model, this change is represented by the v V 111 00 and v V 113 00 potential parameters. These potential terms shift the HD center of mass away from the cage center. HD cannot rotate in the cage unless the center of mass is moving along the circular trajectory, in a classical view. The rotational quantum number J is not a good quantum number any more. 8 The spherical symmetry is preserved and ( = L + J) is still a good quantum number. The rotational and translational states are mixed in quantum mechanical terms. As an example, we analyze three states where the main component is N = 0 and J = 0, 1, or 2. It was pointed out in the INS study that the energies of these levels do not scale as is expected for the rotational states of a diatomic rotor. 10 Our fit shows that the J = 1 state of HD has 80% J = 1, N = 0, L = 0 component, Table V , and the next main component with 18% weight has quantum numbers J = 0, N = 1, L = 1. The linear potential v V 111 00 couples the two components and they both have = 1. The next rotational level is 67% of J = 2, N = 0, L = 0, and 28% of J = 0, N = 2, L = 2. Here, the v V 111 00 has zero matrix element between the two components. However, the coupling goes 15% J = 0, N = 2, L = 2, and 15% J = 2, N = 0, L = 0. These states are = 2 states. The potential terms v V 111 00 and v V 113 00 shift the HD center of mass from the C 60 cage center. Using the potential values from Table VI we find that the minimum of the HD potential in the v = 0 state is shifted 0.1383 Å along the bond and in the v = 1 state by 0.1387 Å. Using the free HD bond length s 0 = 0.74142 Å (Ref. 18) we get for the deuteron distance from the cage center 0.3560 Å and for the proton distance 0.3854 Å in the ground vibrational state. The corresponding distances from the center of mass of free HD molecule are 0.24714 Å and 0.49428 Å. As one can see, inside C 60 the two nuclei are placed fairly symmetrically relative to the cage center.
Another feature of HD is an enlarged anisotropic potential v V 222 00 , Table VI . v V 222 00 is defined in the coordinate system where the rotation of the HD molecule is about its center of mass.
The relative change of the rotational constant is similar in H 2 and D 2 with respect to free molecule value. B e depends on the nucleus-nucleus distance what is determined by electronelectron interactions. Since the electron-electron interactions, in the first approximation, are same for the two isotopomers, the relative change of B e is independent of mass.
Among the rotation and vibration constants of HD@C 60 , the centrifugal correction D e to the rotational constant B r , B r = B e − α e (v + 1/2) − D e J (J + 1), 9, 18 is anomalously different from its gas phase value compared to other two isotopomers, Table VI . Positive D e means that the faster the molecule rotates, the longer is the bond. We speculate that since the rotation center of HD inside the cage is further away from the deuteron, the centrifugal force on the deuteron increases and the bond is stretched more than in the free HD molecule.
B. Dipole moment
The dipole moment parameters A lj n are listed in Table VI . A 101 and A 121 coefficients are the largest for the lightest isotopomer. These coefficients do not have explicit dependence on the vibrational coordinate and were defined in Eq. (2) as v v A lj n = ψ vib v (s)|A lj n (s)|ψ vib v (s) . We expand the coefficients in powers of δs = s − s 0 at the bond length s 0 , A lj n (s) = A lj n (s 0 ) + d ds A lj n | s 0 δs + . . .. The second term of this expansion gives the v = 0 → 1 transition, ψ vib 1 (s)|s|ψ vib 0 (s) ∼ μ −0.25 where μ is the reduced mass of the hydrogen molecule. 3 The ratio of the A 101 coefficients of H 2 and D 2 is ∼1.3, Table VI . This is not very different from the estimate using the reduced masses, 2 0.25 ≈ 1.19. The ratio of the anisotropic coefficients, A 121 , is almost 1.5, however with the large error bar dominated by the error of the D 2 coefficient.
We found that in the D 2 sample several absorption lines were rendered invisible. There are other factors, beside the A coefficients dependence on the vibrational coordinate, that reduce the D 2 @C 60 IR line intensities compared to H 2 @C 60 . From Eq. (17) of Ref. 9 , we get that the line area is S(ω)
The matrix element of the radial part depends on the molecule mass as | ψ 1
The transition frequency ω is approximately equal to the vibrational frequency ω 0 ∼ μ −0.5 . If one uses 1.3 as the experimental ratio of the A 101 coefficients of H 2 and D 2 , the estimate of the relative line intensities of the two isotopomers is S H 2 /S D 2 = 3.3.
While the coefficients A 101 and A 121 are zero for the free hydrogen molecule, the third coefficient A 010 , allowed by symmetry in a heteronuclear diatomic, describes the dipole moment of a rotating molecule. However, inside C 60 it could be different from the free HD value. The permanent dipole 20 while the endohedral HD dipole moment is |A 010 | = 1.54 × 10 −32 Cm = 4.77 × 10 −3 D, Table VI . The dipole moment A 010 of HD inside C 60 is enhanced by two orders of magnitude because of the mutual induced polarization of HD and C 60 . Despite the enhancement of the rotational dipole moment A 010 we did not detect the rotational transition J = 0 → 1, N = 0 in the IR spectra of HD@C 60 . Indeed, our model fit gives a rather small area S = 0.07 cm −2 for this line at 3630.2 cm −1 and at temperature 5 K. The J = 1 transition in HD@C 60 is suppressed because there is an interference of two dipole terms, A 010 and A 101 which have opposite signs. The final state consists of 80% of pure rotational state J = 1, N = 0 and 18% of the pure translational state N = 1, J = 0, Table V . This mixed final state has matrix elements from the ground state for both A coefficients, A 010 and A 101 , which nearly cancel each other.
Olthof et al. did not consider induced dipole moments in CO@C 60 . 16 Their approach is probably justified as free CO has large rotational and vibrational dipole moments and the induced moments are relatively small. Our study shows that in HD@C 60 the induced rotational and translational dipole moments are both equally important in rotational transitions and two orders of magnitude larger than the permanent rotational dipole moment of HD.
VI. SUMMARY
We measured and analyzed the infrared absorption spectra of D 2 @C 60 and HD@C 60 and compared the results to H 2 @C 60 . The rotation and translation transitions appear in combination with the fundamental vibrational transition, v = 0 → 1. Experimentally, the two heavier hydrogen iso-topomers are more challenging than H 2 . Several IR absorption lines were missing in D 2 @C 60 and HD@C 60 spectra, including the fundamental vibrational transition. Heavier mass reduces the IR line intensity through several parameters and in addition, shifts spectra to lower frequency where the background absorption of the C 60 powder is stronger and, as a consequence, the signal-to-noise ratio is reduced.
The potential parameters of H 2 and D 2 show little mass dependence. This is true for the isotropic part of the HD potential v V 002 00 as well. Absence of the inversion symmetry in HD allows additional potential parameters, v V 111 00 and v V 113 00 , which mix the rotational levels and J is not a good quantum number any more. This is the effect of the confining potential what prohibits the rotation of the HD molecule about its center of mass, as predicted for HD@C 60 (Ref. 8) and for another endohedral complex without the center of inversion, CO@C 60 . 16 In HD@C 60 the dipole moment A 010 for rotational transition v = 0 → 1, J = 0 → 1 with N = 0 is enhanced by two orders of magnitude compared to the free HD molecule value. However, because the final state is not a pure J = 1 state, the interference with the induced dipole moment term A 101 renders this IR transition invisible in our measurement.
The accuracy of the potential could be improved further by measuring the IR fundamental vibrational and the N = −1 transitions, and transitions to higher N levels in HD@C 60 and D 2 @C 60 with better signal-to-noise ratio. This could be achieved by using samples in the shape of a single crystal, few mm in size. In addition, a single crystal study would shed some light on the splitting of some < 3 levels and increase the accuracy of the dipole moment parameters as there would be no light scattering such as in the powder sample. However, this would increase the predictive power of our model for higher N values only. The separation and translation-rotation splitting of the lowest N levels already detected in the experiment would not change, especially in the HD sample where additional information from the INS experiment 10 was used to compensate for the missing fundamental transition.
